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There are two well-known ecessary conditions for the existence of a perfect 
error-correcting code. Combination of these leads to a Diophantine quation. 
It is proved that this equation has no solutions for n > 2, q > 3 (q a prime 
power) in the case of two errors. Furthermore we prove that the Golay (23, 12) 
code is the only nontrivial perfect 3-error-correcting code over any alphabet 
GF(q). 
I .  INTRODUCTION 
Let p be a prime, q = p~, F = GF(q) and let V be the vector space F ~. 
For  any x ~ V we define the weight of x to be the number  of nonzero compo- 
nents of x. The  (Hamming-)  distance d(x, y) of 2 vectors x, y of V is defined 
to be the weight of x - -  y. I f  e is a poskive integer we define the sphere 
B(x, e) by 
B(x, e) := {y ~ v : d(x, y) ~< e). 
A subset C of V is called an e-error-correcting code if x E C, y E C, x -7(= y
implies B(x, e) ~ B(y, e) = ;~. If, furthermore, V = Ux~cB(x, e) the code 
is called perfect. The dimension of V is called the block length of the code. 
Perfect e-error-correcting codes are known for e = 1, for q =2 and 
n = 2e @ 1 (repetition code of two words) and furthermore for e = 2, 
q = 3, n = I1, and e = 3, q = 2, n ~ 23 (Golay codes). We exclude the 
trivial cases e ~ n (one-word code). Despite many attempts no other perfect 
codes have been found [eL Berlekamp (1968)]. 
We are interested in the case e = 2 and in e = 3. E. L. Cohen (1964) 
proved that for q ~ 6 there are no perfect 2-error-correcting codes except 
the ones mentioned above and R. Alter (1968) extended this result to q ~ 9. 
We now settle the question for e = 2 by proving: 
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THrOREM 1. For q > 3 (q a prime power) there are no perfect 2-error- 
correcting codes over the alphabet OF(q) with block length n > 2. 
Using a different argument we shall also prove: 
THEOREM 2. I f  C is a perfect 3-error-correcting code of block-length n over 
GF(q) then either n = 3 or q -~ 2 and n ~ 7 or 23. 
2. 7_N~ECESSARY CONDITIONS FOR THE EXISTENCE OF PERFECT CODES 
The total number of vectors of V is q~. The number of vectors in a sphere 
B(x, e) is Y'.~=0 (~)(q -- 1) i. If the code is perfect this number is a divisor of qn, 
i.e., 
(n) (q_  1)'---- p~. (2.1) 
i=0 
Since 
we find by subtraction 
i=0 
q~ -- p~ -~ 0 (mod q -- 1) 
which implies p~ -~ q~. Therefore a necessary condition for the existence of 
a perfect e-error-correcting code over GF(q) with block length n is 
e n 
i~=o (i)  (q--1)~ = q~" (2.2) 
By considering the weight distribution of code words in a perfect code 
S. P. Lloyd (1957) found a stronger condition in the case q = 2. This was 
generalized by F. J. MacWilliams (1962) and later recast by A. M. Gleason 
[cf. E. F. Assmus, H. F. Mattson, and R. Turyn (1966)]. The theorem is: 
THEOREM 3 (Lloyd, etc.). I f  a perfect e-error-correcting code C of block 
length n over OF(q) exists then the polynomial 
(n --  x](x --  1)A~_~ 
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A=q- -1  and (x) =x(x - -1 )  "" (x - -  i + 1)/i! 
has e distinct integral zeros among 1, 2,..., n - -  1. 
Actually (2.3) is not the form in which Assmus, Mattson, and Turyn give 
Theorem 3 but (2.3) can be obtained from their result by using the relation 
i 
~(- -1 ) J (~ . )=( - - l y (x - l )  
j=o i " 
3. PROOF OF TH~O~M 1 
Suppose a perfect 2-error-correcting code exists with block length n over 
GF(q) where q = p~ (p prime). By Lloyd's theorem the polynomial 
2Pz(x) = (qx) ~ - -  {(2n -- 1)q --  (2n --  4)}(qx) + 2P~(0) (3.1) 
has two zeros Xl, xz which are integers with 1 ~< xi ~ n --  1 (i = 1, 2). 
Now the main point of the proof is the remark that by (2.2) we have 
Pz(0) = qk. Hence the equation 
(qx) ~ - -  {2n(q --  1) - -  q + 4}(qx) + 2q k -=- 0 (3.2) 
has two roots x 1 , x= which are integers. By considering (2.2) as a quadratic 
equation in n we find 
2(q --  1)n = q --  3 + (8q k + q= --  6q + 1) 1/~. (3.3) 
Then (3.2) implies 
xlx2 = 2q k-2, (3.4) 
q(xl + x2) = 1 + (8q ~ + q~ --  6q + 1) 1/z. (3.5) 
By substitution we see that x 1 = 1 is a zero of/)2 only if n = 1 or n = 2. 
I fx  l=2 is  azero  of P2, thenn=2or  (n - -  3)(q - -1 )  = 2, i.e., n=5,  
q = 2 corresponding to the repetition code of block length 5 or n = 4, 
q -= 3 in which case (2.2) is not satisfied. We may therefore assume that x 1 
and x~ are both divisible by the prime p. We write 
xl = pa, x2 = 2p" (3.6) 
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where A > 0, /~ > 0, ~ +/x  = (k --  2)~, and we remark that k >/3 since 
otherwise (3.3) would yield n ~< 2. We now substitute (3.6) in (3.5) and 
eliminate the square root. The result is 
8q k-1 + q - -  6 = q(pa + 2p") ~ --  2(p a + 2p' O. (3.7) 
Consider the highest power of p which divides the right-hand side and left- 
hand side of (3.7). It  is immediately clear that p must be 2 or 3. I f  p = 2 
the right-hand side of (3.7) is divisible by 4 while the left-hand side is only 
divisible by 4 if q = 2. If, on the other hand, p = 3 then, using q > 3, 
reduction of both sides of (3.7) rood 9 yields 
3 ~ 3 a + 2.3" (mod9) 
and this implies A = 1 and/ ,  > 1. Then we can reduce (3.7) to the form 
qk-1 = 2q + q.3 z" - -  3" (3.8) 
which is impossible since the left-hand side of (3.8) is divisible by a higher 
power of 3 than the right-hand side. 
This completes the proof of Theorem 1. 
Remarks:  
(a) In Theorem 1 we did not include q = 3 since this was proved by 
Cohen. Of course (3.7) is easily solved for q = 3 yielding A = 2,/z = 1 and 
then we have n = 11 by (3.3). 
(b) A combination of (2.2) and Lloyd's theorem also gives a short proof 
that binary perfect 4-error-correcting codes do not exist except for n = 4, 
n = 9. This was first proved using Lloyd's theorem only [cf. van Lint (1970)] 
by applying a method of A. Baker and H. Davenport. The short proof is 
given in van Lint (1969). 
4. PROOF OF THEOREM 2 
Since the case q = 2 was settled by Shapiro and Slotniek (1959) we can 
assume q/> 3 and n > 3. 
In (2.3) we take e = 3 and use the following notation 
(q --  1)n = t, qx = t + O. (4.1) 
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Then we have 
- -6Ps(x)  = 08 + 3(q - -  3)02 q- (2q 2 - -  9q ÷ 18 - -  3t)O -- {(2q - -  7)~ q- 6} 
= 08 -t- 3(q - -  3)02 + (2q ~ - -  9q q- 18)0 - -  6 - -  (30 ÷ 2q - -  7)t 
= F(O). (4.2) 
Now remark that by (2.2) we have 
1-? (1) (q - -1 )+(2) (q - -1 )z@(3) (q - -1 )3=qk.  (4.3) 
I t  follows that 
(n - -  1)(n - -  2)(n - -  3) ~ 0 (mod q) 
[cf. also Assmus, Mattson, and Turyn  (1966)]. 
I f  we write n --= qv ~- r with r = 1, 2, or 3, then 
n- -v - - l< .n - -v - - l+- -  
i.e., there is no integer x satisfying 
3- - / "  / ' - -1  <n- -v - - - -~n- -v ,  
q q 
t+3 - -q  < qx < t - t -  1. (4.4) 
By (4.2) we have 
F(3 - -  q) = (q - -  1)(q - -  2)(n - -  3) > 0, 
F ( I )  = 2(q - -  1)(q - -  2)(1 - -  n) < 0. 
Hence F has a zero in the interval (3 - -  q, 1), i.e., Pa(x) has a zero in the 
interval (4.4) and this zero is not an integer. Since the condit ion of L loyd's  
theorem is not satisfied there are no perfect 3-error-correct ing codes for 
q~>3,  n>3.  
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